We systematically calculate the relativistic corrections to the polarization variables of prompt J/ψ photoproduction and hadroproduction using the factorization formalism of nonrelativistic QCD. Specifically, we include the 3 S 1 channels. We provide all the squared hard-scattering amplitudes in analytic form. Assuming the nonrelativistic-QCD long-distance matrix elements to satisfy the velocity scaling rules, we find the relativistic corrections to be appreciable, especially at small transverse momentum p T and large inelasticity z. The results obtained here and in our previous work on the unpolarized yield [Phys. Rev. D 90, 014045 (2014)] will help to render global analyses of prompt J/ψ production data more complete and hopefully to shed light on the J/ψ polarization puzzle.
I. INTRODUCTION
Through concerted efforts from both the experimental and theoretical sides, we have deepened our understanding of the mechanism of J/ψ production at high energies in recent years (for a review, see Ref. [1] and references cited therein). Yet, there are still major challenges to the theoretical models. One of them is the long-standing J/ψ polarization puzzle. The polarization of promptly produced J/ψ mesons, which are produced either directly or via the feed down from higher excited states such as χ cJ (J = 0, 1, 2) and ψ ′ mesons, was measured by several experiments in different environments, including CDF at the Fermilab Tevtron [2, 3] ; HERA-B [4] , ZEUS [5] , and H1 [6] at DESY HERA; PHENIX at BNL RHIC [7] ; and ALICE [8] , CMS [9] , and LHCb [10] at CERN LHC. Unfortunately, these measurements could not yet be explained by theoretical analyses in a way consistent with the world data on the unpolarized J/ψ yield. The production of heavy-quarkonium states, like the J/ψ meson, involves the creation of the heavy-quark pair (QQ) and its subsequent transition to the hadronic bound state. Different ways of treating these two parts result in different models. Polarization variables are more sensitive to the fine details of the hadronization of the QQ pair than production rates and, therefore, play a key role in testing the theoretical models.
Due to the fact that the heavy-quark mass m Q is much larger than the asymptotic scale parameter of QCD Λ QCD , the heavy-quarkonium state can be approximately treated as a nonrelativistic system. The factorization formalism based on the effective field theory of nonrelativistic QCD (NRQCD) [11] [12] [13] is nowadays considered to be the most favorable theoretical approach to study heavy-quarkonium production and decay. In this framework, the heavy-quarkonium production cross sections are factorized into process-dependent short-distance coefficients (SDCs) and supposedly universal long-distance matrix elements (LDMEs) [13] . The SDCs, which describe the production of the QQ pair at energy scales 2m Q or larger, can be calculated perturbatively through expansions in the strong-coupling constant α s . The LDMEs, which measure the probability of the hadronization of the QQ pair, are weighted by definite powers of the relative velocity v of the heavy quarks in the heavy-meson rest frame [12] . In this way, theoretical calculations are organized as double expansions in α s and v. Quantum corrections come as terms of higher orders in α s and rela- J with total spin S, orbital angular momentum L, total angular momentum J, and color multiplicity a = 1, 8, while the latter is restricted to the CS state, with a = 1, sharing the quantum numbers S, L, and J with the heavy meson. The color-octet (CO) mechanism, i.e., the appearance of CO states, with a = 8, is a distinctive feature of NRQCD factorization.
Two decades after the introduction of NRQCD factorization [13] , all the relevant observables of prompt J/ψ production are available at NLO in α s . In particular, these include yield [14] and polarization [15] in photoproduction, yield [16] [17] [18] and polarization [19] [20] [21] [22] [23] in hadroproduction, and observables in other production modes [24] [25] [26] . Since the LDMEs of the η c meson are related to those of the J/ψ meson via heavy-quark spin symmetry, the η c yield [27] [28] [29] must be included in this list, too. The J/ψ LDMEs determined at NLO in NRQCD via a global fit to measurements of the unpolarized J/ψ yields in photoproduction, hadroproduction, and other production modes [26] lead to predictions of J/ψ polarization in hadroproduction [19] that are incompatible with measurements at the Tevatron [2, 3] and the LHC [9, 10] . On the other hand, J/ψ LDMEs determined only from hadroproduction data [20, 21] are incompatible with data from photoproduction and other production modes [30] . In other words, the long-standing J/ψ polarization crisis of NRQCD, which had already been observed at LO [31] , is substantiated at NLO in α s . This crisis has recently been aggravated by the observation [27] that all the up-to-date J/ψ LDME sets [20, 21, 26, 32] lead to NLO NRQCD predictions for the η c yield in hadroproduction that significantly overshoot the recent LHCb measurement [33] . Unfortunately, attempts [28] to reconcile the measured η c and J/ψ yields of hadroproduction by resorting to pre-LHC LDMEs [17] fail to describe the J/ψ polarization measured at the Tevatron [23] and the LHC [28] in the regime of large p T values and central rapidities y. The analysis of Ref. [29] also misses its goal of achieving a coherent description of the J/ψ and η c yields and the J/ψ polarization in prompt hadroproduction. Obviously, NRQCD factorization presently faces severe challenges with regard to the predicted universality of the LDMEs at NLO in α s .
To resolve the J/ψ polarization puzzle and to clarify the universality problem of the NRQCD LDMEs, we systematically calculated, in our previous work [34] , the relativistic corrections, of relative order O(v 2 ), to the unpolarized J/ψ yields in photoproduction and hadroproduction by including both the direct and feed-down contributions. We found that the O(v 2 ) corrections are appreciable, except for the CS
1 channel of hadroproduction, and that their line shapes greatly differ between photoproduction and hadroproduction, which may offer a chance to improve the goodness of the state-of-the-art determinations of the LDMEs. In this paper, we take the next logical step by calculating the O(v 2 ) corrections to the J/ψ polarization observables in photoproduction and hadroproduction. All these O(v 2 ) corrections must be included on top of the respective O(α s ) corrections [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] to render the NLO predictions complete.
We organize the remainder of this paper as follows. In Sec. II, we shall briefly describe how to calculate the SDCs for the polarization parameters in the direct and feed-down processes of photoproduction and hadroproduction. In Sec. III, we shall present and discuss our numerical results. A brief summary will be given in Sec. IV. All the relevant analytic expressions will be collected in the Appendix.
II. NRQCD FACTORIZATION FORMULA
The polarization of the J/ψ meson is measured through the angular distribution of its leptonic decay, J/ψ → l + + l − , which may be parametrized as
where θ and φ are the polar and azimuthal angles of lepton l + in the J/ψ rest frame, respectively, which depend on the choice of coordinate frame. For example, in the recoil or s-channel helicity frame, the z axis is chosen to be the J/ψ flight direction. The parameters λ θ , λ φ , and λ θφ in Eq. (1) may be related to the helicity density matrix dσ λλ ′ , which describes the interferences between the states of helicity λ and λ ′ in J/ψ production [35] 
Invoking the Weizsäcker-Williams approximation and the factorization theorems of the QCD parton model and NRQCD [13] , we may write the hadronic helicity density matrices of both the direct and feed-down processes in the general form
where f i/A (x) is the parton density function (PDF) of the parton i in the hadron A = p,p or the flux function of the photon i = γ in the charged lepton
or the PDF of the parton j in the resolved photon i = γ, Br(H → J/ψ + X) is the branching ratio for H = J/ψ, χ cJ , ψ ′ with the understanding that Br(J/ψ → J/ψ + X) = 1, and
is the partonic helicity density matrix. Through relative order O(v 2 ), the latter may be factorized as:
where O H (n) is the four-quark operator pertaining to the transition n → H at LO, with
are the appropriate SDCs of the partonic subprocess i + j → cc(n) + X. The definitions of the O and P operators and some of their properties may be found in Refs. [13, 34] . Working in the fixed-flavor-number scheme, the parton i runs over the gluon g and the light quarks q = u, d, s and antiquarks q.
As in the unpolarized case [34] , the relevant partonic subprocesses include
The SDCs F ij λλ ′ (n) and G ij λλ ′ (n) may still be calculated with the help of the spinor projection method as explained in Ref. [34] when the polarization four-vector ǫ µ (λ) of the cc pair is kept generic. In the following, we only explain the differences in computing the helicity a The spin-flip interactions are O(v 3 ) suppressed [36] , so that NRQCD factorization still holds for the helicity density matrix through relative order O(v 2 ).
density matrix elements with respect to Ref. [34] . We only need to discuss the nontrivial cases of S = 1. In the case of direct J/ψ production, the total spin S of the cc pair can safely be identified with the spin S of the J/ψ meson through O(v 2 ) because spin-flip effects occur only at O(v 3 ) [36] , and the index L z related to the orbital angular momentum of the cc pair may be summed over. Starting from the partonic scattering amplitude
, where λ is the helicity related to the total spin S of the cc pair, the helcity density matrix element is thus evaluated as ρ
by summing over the orbital angular momentum L z of the cc pair and the spins and colors of the other outgoing partons, contained in system X, and averaging over the spins and colors of the incoming partons i and j. Through O(v 2 ), the general Lorentz structure of ρ ij λλ ′ (n) implies the decomposition
where k labels the process-independent four-tensors
with k 1 and k 2 being the four-momenta of the incoming partons; A ij k (n) and B ij k (n) are the SDCs, which are functions of the partonic Mandelstam variables s, t, and u and depend on the considered partonic subprocess, but not on the choice of coordinate frame; and q is the relative three-momentum within the cc pair. Because P · ǫ(λ) = 0, where P is the total four-momentum of the cc pair, and P 2 = 4E 
it is straightforward to obtain
where the definition of the factor K is the same as in Ref. [34] . Note that c The radiative decays χ cJ → J/ψ + γ are not only affected by the E1 transition, but also by the higher-multipole M2 (χ c1 and χ c2 ) and E3 (χ c2 ) ones. A detailed study [37] revealed that only the angular distribution of the photon is very sensitive to the higher-multipole contributions, while the latter are negligible for the angular distribution of the subsequent J/ψ → l + + l − decay. Therefore, it is sufficient to calculate the helicity density matrix elements of J/ψ production from χ cJ feed down by connecting the J/ψ polarization fourvector to the total spin of the cc pair in the helicity density matrix elements of χ cJ production and multiplying the outcome by the branching ratio of χ cJ → J/ψ + γ. At first sight, this is surprising because the Lorentz structure of the helicity density matrix elements of χ cJ production look more complicated [38, 39] . b However, after summing over the polarization J z of the χ cJ meson, the helicity density matrix elements may indeed be expressed in the form of Eq. (6) as well. To ensure that our simplified method is correct, we compared with previous LO calculations [38, 40] to find agreement.
We generate the Feynman diagrams by using the FeynArts package [41] and calculate the amplitude squares with the help of the FeynCalc package [42] . As for direct J/ψ production, we reproduce the LO results for ρ ij λλ ′ (n) in Ref. [35] by setting q 2 = 0, while our results for the O(v 2 ) corrections are new. As for J/ψ production via feed down from χ cJ mesons, the LO helicity density matrix elements are found to agree with the results of Ref. [38] after simplifying the latter, but are represented here for the first time in compact form, and the O(v 2 ) corrections are again new. We recover our results in Ref. [34] by summing over the helicity indices λ and λ ′ . In the Appendix, we list all the new results for A ij k (n) and B ij k (n) in analytic form.
III. PHENOMENOLOGICAL RESULTS
We are now in a position to investigate the phenomenological significance of the O(v 2 )
corrections to the polarization parameters in prompt J/ψ photoproduction and hadroproduction. In our numerical analysis, we use m c = 1.5 GeV, α = 1/137.036, the LO 
for the renormalization and factorization scales. In contrast to the case of the unpolarized J/ψ yield in Ref. [34] , the size of the O(v 2 ) corrections to the J/ψ polarization parameters for a given cc Fock state n cannot be directly estimated from the SDC ratios
, where x is some variable, because the dσ λλ ′ values enter as ratios in Eq. (2) . For instance, if we had R 00 (n) = R 11 (n) for some n, then the respective contribution to λ θ would go unchanged upon the inclusion of the O(v 2 ) corrections.
Therefore, we shall directly study the shifts induced in the polarization parameters by including the O(v 2 ) corrections for each n separately. To standardize the numerical discussion, we quote the O(v 2 ) corrections due to the
1 mixing relative to the corresponding LO results for n = 0 . In want of fitted values of the LDMEs P H (n) , we estimate them with the help of the velocity scaling rule
for uncertainties. Furthermore, we limit ourselves to the direct production of J/ψ mesons and their production via the feed down from χ cJ mesons. In the latter case, we approximately take into account the kinematic effect on the transverse momentum p T of the J/ψ meson by setting p T = p
511 GeV, and M χ c2 = 3.556 GeV [45] , which is justified since p T ≫ M χ cJ −M J/ψ in typical experimental situations. In the case of γp collisions, we only consider direct photoproduction for illustration because resolved photoproduction shares the partonic subprocesses with hadroproduction, which is studied separately.
The J/ψ polarization was measured in a number of experiments [2] [3] [4] [5] [6] [7] [8] [9] [10] . As an illustration, we consider here three representative cases, namely HERA Run II [6] , Tevatron Run II [3] , and the CMS experimental setup at the LHC [9] , limiting ourselves to the helicity frame. In HERA Run II [6] , the polarization was measured in prompt J/ψ photoproduction at center-of-mass (c.m.) energy √ S = 319 GeV differential in p T and inelasticity z = 1 mixing, where they are appreciable in the vicinity of z = 0.7.
The p T dependence of the polarization in prompt J/ψ hadroproduction was measured in Tevatron Run II at √ S = 1.96 TeV for |y| < 0.6 [3] and under CMS experimental conditions at √ S = 7 TeV for |y| < 2.4 [9] . In both cases, we exclude from our considerations the small-p T range, p T < 3 GeV, where the application of fixed-order perturbation theory is problematic. The O(v 2 ) corrections to the polarization parameters λ θ , λ φ , and λ θφ in prompt hadroproduction through the cc Fock states n =
, and
1 mixing are shown as functions of p T for Tevatron Run II [3] and the CMS setup [9] 
IV. SUMMARY
In this work, we systematically calculated the relativistic corrections of relative order
to the polarization observables λ θ , λ φ , and λ θφ in prompt J/ψ photoproduction and hadroproduction, including both the direct mode and the feed down from χ cJ and ψ ′ mesons, and provided in analytic form the SDCs of all the relevant partonic subprocesses, which are listed in Eq. (5). This study is a natural extension of the one presented in Ref. [34] , where the O(v 2 ) corrections to the unpolarized J/ψ yields in photoproduction and hadroproduction were considered. All these O(v 2 ) corrections are to be included along with the respective O(α s ) corrections [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] to complete the NLO treatments. We obtained the χ cJ feed-down contributions in a compact form with the structure that is familiar from direct production.
We found agreement with the LO results for direct production [35] and χ cJ feed down [38, 40] .
Our results for the O(v 2 ) corrections are new. Upon summation over the helicity labels, we recover from them our O(v 2 ) results for the unpolarized yield of prompt J/ψ production [34] .
We numerically estimated the O(v 2 ) corrections to the J/ψ polarization parameters λ θ , λ φ , and λ θφ in direct photoproduction at HERA [6] and prompt hadroproduction at the Tevatron [3] and the LHC [9] due to the relevant cc Fock states assuming that their LMDEs obey the velocity scaling rules [12] . We found that the shifts in λ θ , λ φ , and λ θφ due to the O(v 2 )
corrections are significant in most cases, typically reaching ±0.2. Due to their nontrivial dependencies on p T and z and the characteristic differences between photoproduction and hadroproduction, their inclusion in global data analyses of J/ψ yield and polarization, in addition to the available O(α s ) corrections [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , may help to improve the quality of the determinations of the CO LDMEs and hopefully to remedy the J/ψ polarization crisis. 
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FIG. 4: Same as in Fig. 3 , but for the CMS experimental setup at the LHC [9] .
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In this Appendix, we present in compact analytic form the coefficients A ij k (n) and B ij k (n) defined in Eq. (6) for the partonic subprocesses in Eq. (5). We refrain from presenting
J because these expressions may be found in Appendix B of Ref. [35] . We list A ij (n) for n =
1,2 , and
1 mixing. It is convenient to pull out common factors by writing
Mandelstam variables s, t, and u appearing below are defined as
, and u = (k 2 − P ) 2 | q=0 , and satisfy s + t + u = 4m 2 c . 
The coefficients h k are the same as those in Eq. (A1). (A4e) 
The coefficients h k are the same as those in Eq. (A1). 
2 ) + g: J ) + q(q):
The coefficients h k are the same as those in Eq. (A6).
q(q) + g → cc( 
